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Abstract: High reliability and operational safety are most important requirements of 

aerospace products.  Structural Safety (Reliability) assessment techniques help to 

achieve safe designs and also identify effect of uncertainty occur in structural 

systems of aerospace products. In general the structural safety is evaluated using 

various statistical methods like Mean Value and Moment Methods.  Currently several 

inverse reliability measures such as Probabilistic Performance Measure (PPM) and 

Probabilistic Sufficiency Factor (PSF) have been introduced as measures of safety. In 

the present paper, thin Maraging steel cylindrical pressure vessels which are 

extensively used in space vehicle applications are considered for safety evaluation 

using Probabilistic Performance Measure (PPM) and is demonstrated with a practical 

case. 
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1. Introduction 

     Probabilistic approach provides more accurate measures of uncertainty incorporating 

uncertainty data. Structural safety is measured in terms of probability of failure to satisfy a 

performance criterion, and is often expressed in terms of reliability (safety) index. 

Traditionally structural safety is defined in terms of safety factor to compensate for 

uncertainties in loading, material properties and inaccuracies in geometry.  

     Inverse reliability measures [15] are now being used for structural safety evaluation. In 

Performance Measure Approach (PMA) the value of the performance function at the 

target Most Probable Point (MPP) is obtained using an inverse reliability analysis. The 

PMA is inherently robust and is more efficient if the probabilistic constraint is inactive. 

     In the present paper, the structural safety (safety index) evaluation is carried out for 

thin maraging steel cylindrical pressure vessel. These maraging steel cylindrical pressure 

vessels are extensively used in aerospace vehicles. Few pressure vessels were identified 

and relevant data are collected during manufacturing, which have been used for safety 

study. Two distinct failure modes ie fracture failure and plastic yielding are considered for 

safety evaluation. Inverse structural safety measures are discussed with practical example. 

PMA method is found very useful at the initial phase of design and product optimization. 

The MATLAB optimization toolbox is used to solve nonlinear equality unconstrained 

optimization problem. 
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2.  Nomenclature 

D   :   Diameter 

g(x), G(x), G(u)  :   Limit State function 

KIC   :   Plane Strain fracture toughness 

P   :   Pressure 

p, pf   :   Probability of failure 

S   :   Strength 

u  :   A vector of statistically independent random variables with  

                                                zero    

    mean and unit  standard deviation 

t                             :   Thickness 

α ′    :   Crack length in transverse direction 

β   :   Reliability / Safety Index 

β ′    :   Crack shape factor 

Tβ    :   Target Reliability 

1t
β ,

2t
β    :   Target Reliability Indices in Plastic and Elastic modes 

Ф   :    Normal cdf 

Limit State function :   a set defined by locus of points G(x) = 0  

3. Structural Safety 

      Uncertainties and randomness associated with loads and structural characteristics 

introduce variability in structural response. The predicted response of structures based on 

mathematical and statistical models with imperfect knowledge tends to depart from 

reality. Recent developments in the area of probabilistic methods and statistical inference 

offer a mathematical basis that will enable designer to incorporate the influence of 

variability and uncertainties arising from a variety of sources more effectively into design 

process. Some of these developments are discussed in this paper from the stand point of 

structural safety of thin maraging steel cylindrical pressure vessel. 

Structural Safety (reliability) [1-3] analysis in general, can be simplified into calculating 

the following integral. 

( )
( )dxxfp

xG
xf ∫ ≤

=
0

                                                          (1) 

The Safety Index β is defined as 

( ) ( )ββ −Φ=Φ−= −
ff piep1

                                (2) 

To solve the above integral various approximate methods are as discussed under. 

3.1 Approximate Methods 

     The advantages of the analytical methods are mainly that they are simple, have 

apparent physical interpretations and do not usually require excessive computation time. 

Direct Analytical [5,6] methods are First Order Reliability Method (FORM)  and Second 

Order Reliability Method (SORM).FORM also termed as Reliability Index Approach and 

Performance Measure Approach (PMA) that is an inverse approach are discussed in the 

subsequent section. 
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3.1.1 Reliability Index Approach (RIA) 

     Several probabilistic techniques [5-7, 14] like Mean Value Method, First Order 

Reliability Method to evaluate structural safety index enables the designer to determine 

the sensitivity of the probability of failure to individual random variable. The FORM is 

also known as Reliability Index Approach (RIA). In RIA, all the variables are transformed 

to equivalent uncorrelated standard normal variable (u). In the u-space, a linear 

approximation is constructed to limit state at the point of minimum distance from the 

origin referred to as the Most Probable Point (MPP). The search for minimum distance 

point is an optimization problem. RIA is a direct method depicted in Fig. 1. The 

evaluation of β is an optimization problem and is expressed as follow: 

Objective function 

Minimize uuu
T==β                                                                                            (3) 

 Subject to  

  g(u) = 0                                          (4) 

                      ( )βΦ−= 1fp  

where ‘β’ is the reliability index 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1:   Reliability Index Approach Figure 2: Performance Measure Approach 

3.1.2 Performance Measure Approach (PMA) 

The Reliability analysis in PMA [8,9] is formulated as the inverse of reliability analysis in 

RIA. The first-order probabilistic performance measure is obtained from a non linear 

optimization problem in u-Space as 

Objective function       Minimize g(u) 

Subject to arg

T

t et
u u u β= =                                                                                   (5)                                                        

where the optimum point on the target reliability surface is identified as the MPP 
∗

T
uβ  

with a prescribed reliability target 
∗=

T
ut ββ . In iterative optimization process, unlike 
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RIA, only direction vector 
∗

T
uβ needs to be determined by exploring the spherical 

equality constraint Tu β= . The advanced mean value, conjugate mean value and 

hybrid mean value method are commonly used to solve the problem. Fig: 2 depicts the 

graphical representation of PMA. 

4. Design Data 

     The design data of the thin maraging cylindrical pressure vessel is obtained from the 

design document are given in Table 1. 

4.1 Manufacturing Data 

     Pressure vessel data collected time to time from manufacturing centre are internal 

diameter, thickness, ovality etc. Other material properties like ultimate tensile strength, 

yield strength and fracture toughness have been generated in material testing lab. The 

details of various parameters and their variability are placed in Table 2. 

Table 1: Design Parameters 

 

 

 

 

 

 

Table 2: Parameter Variability 

Sl. No. Parameter Mean (µ) Standard deviation (σ) 

1 

2 

3 

4 

5 

6 

7 

Pressure (P) 

Internal Diameter (D) 

Thickness (t) 

Strength of Material(S) 

Fracture toughness (KIC) 

α ′  

β ′  

13.24 Mpa 

      222.5 mm 

1.4 mm 

1750 Mpa 

2985 Mpa√mm 

1 

1.12 

0.5297 

0.15 

0.025 

50 

120 

0.15 

0.112 

5. Analysis 

     In this paper, the failure modes considered are plastic failure and elastic fracture [4,11-

13]. All the physical quantities are considered realistically as statistical variables, 

including the fracture toughness, yield stress, radius, thickness, crack size, crack geometry 

and maximum operating load. The failure criterion (or limit state) consists of two failure 

modes, namely plastic collapse and elastic fracture. PMA is considered for structural 

safety evaluation. 

     The plastic collapse occurs when  

0.1
2

≥
tS

PD                                      (6) 

Similarly, elastic fracture takes place when 

0.1
4

≥
′′

ICtK

PD απβ                                       (7) 

Internal Diameter 

Working Pressure 

Design Pressure 

Proof Pressure 

Thickness 

Design Code 

: 

: 

: 

: 

: 

: 

222.5 mm 

10.30 Mpa 

13.24 Mpa 

19.86 Mpa 

1.4 mm 

ASME Pressure Vessel 
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     All the physical quantities appearing in above equations are considered realistically as 

statistic variables. 

     The limit state function is written as  

       






 −=
t

PD
Sg

5.0
1

                       (8) 

       









 ′′
−=

t

PD
Kg IC

αβ
4431.02

             (9) 

     Transforming the design variables to standard normal space, the transformed variable 

are as follows 

175050 1 += uS  

24.135297.0 2 += uP  

5.22215.0 3 += uD  

4.1025.0 4 += ut  

115.0 5 +=′ uα  

12.1112.0 6 +=′ uβ  

2985120 7 += uK IC  

     Now the limit state functions can be expressed as 

          ( ) ( ) ( )( )
( )4.1025.0

5.22215.024.135297.05.0
175050

4

32
11 +

++
−+=

u

uu
uug          (10) 

 

( ) ( ) ( )( )( ) ( )( )
( )4.1025.0

12.1112.0115.05.22215.024.135297.04431.0
2985120

4

6

5.0

532
72 +

++++∗
−+=

u

uuuu
uug

 (11) 

     Considering section 3.1.2 the safety index is evaluated as nonlinear optimization 

problem as given below:  

Objective function  

Minimize ( )ug1   

  ( )ug2  

Subject to the following constraints 

( ) 5.02

4

2

3

2

2

2

11
uuuut +++=β            (12) 

( ) 5.02

7

2

6

2

5

2

4

2

3

2

22
uuuuuut +++++=β           (13) 

     Solving above optimization problem using MATLAB optimization toolbox we get 

                                           97.9
1

=tβ  

                                       69.11
2

=tβ  

6.   Results and Discussion 

     Moment based methods are restricted to address single mode failure. In this paper two 

distinct failure modes such as plastic and elastic modes are considered and structural 
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reliability (safety) indices are evaluated using performance measure approach which is an 

inverse reliability measure. Structural reliability index found to be high indicates that the 

structure is safe in both modes of failure. An attempt has been made to evaluate structural 

reliability as nonlinear unconstraint minimization problem using MATLAB optimization 

toolbox. PMA found to converging more quickly compared to RIA. 

7. Conclusion 

     This paper has described the inverse measure to evaluate structural reliability. The 

moment based technique i.e., Reliability Index approach also been discussed. The method 

of evaluating structural reliability as nonlinear unconstraint minimization, optimization 

problem has been presented with practical example of an aerospace hardware. Inverse 

measure can be employed to estimate the additional cost required to achieve the target 

reliability. PMA is found to be very useful during initial design phase. 

References 

      [1] Robinson, David G. A Survey of Probabilistic Methods used in Reliability, Risk and 

Uncertainty Analysis:Analytical Techniques-I. Sandia National Laboratories, 

Albuquerque, New Mexico, USA, SAND 98-1189. 1998. 

  [2] Melchers, R. E.  Structural Reliability Analysis and Prediction. Ellis Harwood Limited, 

England, 1987. 

  [3] Dai, Shu-Ho and Ming-O-Wang. Reliability Analysis in Engineering Applications. Van 

Nostrand Reinhold, New York, 1992. 

  [4] Yang, J.N., Ing, H.Y. Chen., C.M.Chang, and H. K. Shee. Reliability Analysis and 

Quality Assurance of Rocket Motor Case Considering Proof Testing. 34th 

AIAA/ASME/ASCE/AHS/ASC Structure, Structural Dynamics and Materials 

Conference, La Jolla, California, April 19-22, 1993; 724- 733. 

      [5] Choi, Seung-Kyum., Ramana V. Grandhi, and Robert A. Canfield. Reliability – based 

Structural    Design.  Springer-Verlag Limited, London, 2007. 

      [6] Grandhi, Ramana V. and Liping Wang. Structural Reliability Analysis and 

Optimization: use of   Approximations. Wright State University, Dayton, Ohio, 

NASA/CR-1999-209154. 1999.  

      [7] Kim, Sang-Rak., Jea-Young Park., Won-Goo Lee., Jin-Shik Yu and Seog-Young Han. 

Reliability-Based Topology Optimization Based on Evolutionary Structural 

Optimization. International Journal of Aerospace and Mechanical Engineering, 2007; 

1(3): 135-139. 

      [8] Justin, Y-T., Shin Y. Wu., R. Sues and M. Cesare. Safety-Factor Based Approach for 

Probability- Based     Design Optimization. 42nd AIAA/ASME/ASCE/AHS/ASC 

Structure, Structural Dynamics and Materials Conference, Seattle, WA, USA, April 16-

19, 2001; 1- 9. 

      [9] Youn, Byeng D., and Kyung. K. Choi.  Selecting Probabilistic Approaches for 

Reliability-Based Design Optimization. AIAA Journal, 2004; 42 (1): 124 -131. 

      [10] Jian, Tu., Kyung K Choi., and Young H Park. Design Potential Method for Robust 

System Parameter Design. AIAA Journal, 2001; 39(4) : 667-672. 

      [11] Bhattacharjee, P., K. Ramesh Kumar and T.A. Janardhan Reddy. Structural Reliability 

and an Empirical Approach to Burst Pressure Prediction of Thin Maraging Steel 

Cylindrical Pressure Vessel. 3rd International Conference on Advance in Mechanical 

Engineering. NIT Surat, January 4-6, 2010; 428- 432. 

      [12] Zheng, Wang. Structural Reliability Design on Solid Rocket Motor case. 29th 

AIAA/SAE/ASME/ASEE Joint Propulsion Conference and Exhibit. Monterey, CA, 

USA, June 28-30, 1993; 1 - 5.  

  [13] Bhattacharjee, P. Structural Reliability Assessment of Pressure Vessel. Journal of  

Aerospace Quality and Reliability, 2009;  5(1): 159-163. 



                                         Structural Safety Evaluation Using Inverse Measure Approach                                 513 

 

  [14] Bhattacharjee, P., K. Ramesh Kumar, and T. A. Janardhan Reddy. Structural Safety 

Assessment of a Pressure Vessel Using DOE and TANA. International Journal of 

Performability Engineering, 2011; 7(4}:367- 378. 

  [15]      Ramu, Palaniappam., Xuouong Qu, Byeng Dong Youn, Raphael. T. Haftka and Kyung.     

K. Choi. Inverse Reliability Measures and Reliability – based Design Optimization. 

International Journal of Reliability and Safety, 2006; 1(2): 187-205. 

 

 

P. Bhattacharjee currently heads Reliability Engineering Division, DRDL Hyderabad. 

He is Reliability coordinator for major defense projects. He has contributed immensely 

to the field of Reliability and Quality for various aerospace product development 

programmes. Currently he is involved in the development of Probabilistic Design 

methods and their application to aerospace structures. He has published several 

technical papers in National and International conferences and Journals. He has 

received ARS-2011 Gold Award for best presentation. 
 

K. Ramesh Kumar currently heads Production Planning & Control of Directorate of 

Engineering DRDL Hyderabad. He has done his Ph.D. from Melbourne University 

Australia. He has developed many techniques in the field of flow forming. He has 

contributed immensely in the field of aerospace product development. He has several 

papers in the fields of metal forming to his credit. 

 

T. A. Janardhan Reddy is a former Professor of Mechanical Engineering Department, 

Osmania University, Hyderabad. He completed his Ph.D. from IIT Madras. His area of 

interest and research are Manufacturing Engineering & NC Machines. He has 

established a cell in Osmania University for promoting the spirit of entrepreneurship 

among enthusiastic students. Several students are being guided for their Ph.D. programs 

under his supervision. He has participated in several International conferences at USA, 

Canada and India. 
 

 


